We describe a reciprocal-lattice vector method for analysis of the diffractive self-imaging (or Talbot effect) of a two-dimensional periodic object. Using this method we analyze the fractional Talbot effect of a hexagonal array and deduce a simple analytical expression for calculation of the complex amplitude distribution at any fractional Talbot plane. Based on this new formula, we design a hexagonal array illuminator (HTAI) with a high fractional parameter. A computer simulation for demonstration of the HTAI is also given.
The hexagonal structure is not only a naturepreferred structure as seen in honeycombs and the crystal structures of some single substances or compounds, but also an important pattern that has been widely used in optical devices such as fiber couplers [1] , gradient-index rods [2] , photonic crystal couplers [3] , and cellular logic image processors [4] . An optical array or lattice with a hexagonal structure can be generated by optical diffractive elements such as Talbot array illuminators (TAIs) [5] . The principle of such a TAI is based on the fractional Talbot effect, an interesting diffractive phenomenon that an input complex amplitude with a periodic distribution yields a phase-only pattern at fractions of the Talbot distance, and vice versa [6] . To determine the phase distribution of the hexagonal array on a fractional Talbot plane is a key task in the design of a hexagonal Talbot array illuminator (HTAI). However, the nonorthogonal structure of the hexagonal array brings difficulties to the theoretical analysis used for obtaining an analytic formula expressing the phase distribution at any fractional Talbot distance [7, 8] . In this Letter, we report a simple method for analysis of the Talbot effect of general two-dimensional (2D) periodic objects by use of the reciprocal-lattice vector theory. Based on this method we deduced a useful analytical formula describing not only the amplitude but also the phase distribution on any fractional Talbot plane for the first time to the best of our knowledge.
We begin with the mathematical expression of a general 2D periodic object, which can be expressed as
where ‫ء‬ denotes the convolution integral and u 0 ͑r ជ͒ is the complex amplitude of one unit cell of the periodic object. For simplification of the expression we define the special function of lattice͑r ជ , R ជ n ͒ as an array of 2D periodic delta functions, which corresponds to the periodic lattice points of the input object with lattice vector R ជ n = n 1 a ជ 1 + n 2 a ជ 2 , where n 1 and n 2 are the lattice index (zero or integers) and a ជ 1 and a ជ 2 are the basis vectors of the lattice. According to the properties of the delta function, the Fourier transform of this periodic lattice function of lattice͑r ជ , R ជ n ͒ can be simply written as
where K ជ h is the lattice vector in the spatial frequency domain, often called the reciprocal-lattice vector, that is, 
The relationships between the basis vector and the reciprocal basis vector can be derived from an analysis similar to one in crystal physics and can be expressed as
In Eq. (3), a ជ 0 and b ជ 0 are auxiliary unit vectors perpendicular to the vector ͑a ជ 1 , a ជ 2 ͒ and ͑b
Based on the reciprocal relation of the lattice function described above, now we begin with the analysis of the diffraction field of a 2D periodic object by use of the angular spectral theory of diffraction. Because the Fourier transform of the input object described in Eq. (1) is equal to G͑ ជ͒ = ͑1/S n ͒G 0 ͑ ជ͒lattice͑ ជ , K ជ h ͒, the diffraction field U z at a distance z is given by (in the Fresnel approximation)
where is the wavelength of the input light. Because it is only at the end points of the vectors K ជ h that the values of the reciprocal-lattice function lattice͑ ជ , K ជ h ͒ are not equal to zero, Eq. (4) can be further simplified in some special situations. For example, if the diffractive distance z satisfies the condition
the complex amplitude of the diffraction field can be simplified as
It is obvious that the intensity distribution of the diffraction field at the distance z satisfying Eq. (5) is in proportion to the distribution of the input field. Equation (5) gives us a general condition of the selfimaging denoted by the reciprocal vectors of the input periodic array. Using Eqs. (3) and (5) we can calculate the Talbot distance or analyze the self-imaging properties of a 2D periodic object from its lattice parameters quantitatively. For example, if the input object is a hexagonal array as shown in Fig. 1(a) , the basis vector of the lattice can be defined as
͑7͒
The corresponding reciprocal basis vectors can be calculated by Eq. (3) as
and Eq. (5) can be expanded into
Because m, h 1 and h 2 all are integers in Eq. (9), the Talbot distance can be simplified as
The Talbot distance of a hexagonal array given by Eq. (10) is a well-known result, having been published before [5, 7] , and is not the aim of this Letter. The goal of interest here is to analyze the complex amplitude distribution at a fractional Talbot distance by use of the reciprocal-vector method described above. Now we consider the fractional Talbot plane at the distance of z ␤ = z T / ␤ =3⌬ 2 /2␤ (here ␤ is an integer, known as the fraction parameter). The complex amplitude at this plane can be written, from Eq. (4), as
which can be further rewritten, according to the periodicity of the phase term, as
where
͑13͒
After finishing the inverse Fourier transform in Eq.
(12), we get
͑14͒
Equation (14) tells us that the complex amplitude at a fractional Talbot plane can be generally written as the convolution between the unit cell function and a lattice function with a lattice vector of R ជ n / ␤ and a complex coefficient of c͑n 1 , n 2 , ␤͒. The coefficient c͑n 1 , n 2 , ␤͒ can be written in general as c͑n 1 ,n 2 ,␤͒ = A͑n 1 ,n 2 ,␤͒exp͓͑n 1 ,n 2 ,␤͔͒. ͑15͒
The mathematical expression of the amplitude A͑n 1 , n 2 , ␤͒ and the phase ͑n 1 , n 2 , ␤͒ can be derived from the inverse Fourier transform of Eq. (13). After some mathematical analysis we finally deduce the following expressions for A͑n 1 , n 2 , ␤͒ and ͑n 1 , n 2 , ␤͒: Fig. 1 . Sketches of (a) a hexagonal lattice and (b) the corresponding reciprocal lattice.
͑17͒
Equations (16)- (18) give an analytic expression for the complex amplitude at any fractional Talbot distance. Using these equations we can more easily calculate and quantitatively analyze the properties of the complex amplitude distribution at any fractional Talbot distance. From Eqs. (15) and (18) we can see that the expressions of the field distribution at a fractional Talbot distance depend upon the values of the fractional parameter of ␤. There are three cases:
(1) ␤ =3L ͑L =1,2,3, ...͒. In this case the lattice structure of the field at the fractional Talbot plane is also hexagonal, although all the lattice points of n 1 − n 2 3m have vanished. That is, if we remove these zero points from the lattice in Eq. (14), the remainder points also form a new hexagonal lattice, the length of the basis vector of which is reduced to ͱ 3⌬ / ␤, while the direction of the new basis vector is rotated by 30°compared with the input lattice with a basis vector length of ⌬ The amplitude of the coefficient c͑n 1 , n 2 , ␤͒ is equal to ͱ 3/␤ for all the lattice points, while the phase distribution is described by Eq. (17) with ␣ =0.
(2) ␤ =3L −1 ͑L =1,2,3, ...͒. In this situation, the new lattice at the fractional Talbot plane has the same structure as the input lattice, but the length of the basis vectors is reduced to ⌬ / ␤. The amplitude of the coefficient c͑n 1 , n 2 , ␤͒ is always equal to 1 / ␤, while the phase value is dependent on the point index ͑n 1 , n 2 ͒ and can be quantitatively calculated by Eq. (17) with ␣ =1.
(3) ␤ =3L +1 ͑L =1,2,3, ...͒. In this case, the lattice structure on the fractional Talbot plane and the formula for determining the coefficient of c͑n 1 , n 2 , ␤͒ are the same as with the case of ␤ =3L − 1 except for a different value of ␣ in Eq. (17). Here the value of ␣ must be taken as ␣ =1.
In fact, Eq. (17) provides an analytical formula for determining the phase distribution of a HTAI. As an example here, we design such a HTAI with a fractional parameter of ␤ = 16 by use of this formula, which is shown in Fig. 2(a) . In this example, the unit cell is a hexagonal spot with a size of 16 m (corresponding to the distance between two parallel borders of the spot); the wavelength of the designed input beam is = 0.6328 m. It is proved that this phase distribution calculated directly by Eq. (17) is consistent with the result simulated through the reverse Fourier transform of Eq. (1). We illuminate this HTAI with a plane wave and simulate the intensity distribution at the fractional Talbot distance of z T / 16= 9.71 mm. Figure 2(b) shows the simulated result. From Fig. 2(b) we can see that a HTAI with the phase distribution described by Eq. (17) successfully transforms the input plane beam into a hexagonal spot array with a basis vector length of ⌬ = 256 m and a spot size of 16 m. The intensity of the output spot is 256 times higher than that of the input plane wave, which is also consistent with the theory described above.
In conclusion, we described a simple method for analysis of the Talbot effect of a 2D periodic object using a 2D reciprocal vector theory. Based on this method we found a simple analytic expression for the phase and the amplitude distribution of a hexagonal array at any fractional Talbot distance of z T / ␤, which makes it convenient for us to analyze the fractional Talbot effect of the hexagonal array and design a HTAI with any fractional parameter of ␤.
